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Abstract. The effects of parametric excitation on a traveling beam, both with and without an external harmonic
excitation, have been studied including the non-linear terms. Non-linear, complex normal modes have been used
for the response analysis. Detailed numerical results are presented to show the effects of non-linearity on the
stability of the parametrically excited system. In the presence of both parametric and external harmonic excitations,
the response characteristics are found to be similar to that of a Duffing oscillator. The results are sensitive to the
relative strengths of and the phase difference between the two forms of excitations.
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1. Introduction
Band saws, magnetic and paper tapes, traveling threadlines are some examples of traveling
continuous systems. Such systems are modeled as axially moving strings or beams with simply
supported end conditions [1]. The axial movement of the slender member is often sustained
by rotating pulleys. These pulleys are either rigidly or flexibly mounted upon the foundation.
Beyond a critical speed of the axial movement, buckling or divergence instability occurs. Nor-
mally, a finite pulley-support compliance in the axial direction provides a stabilizing effect.
For a band saw, however, sometimes the presence of unbalance in the flexibly mounted pulleys
may cause parametric excitation, which in turn causes instability in a statically stable system.
For a belt driven by pulleys, the parametric excitation is primarily caused by the belt defects
[2] and the torque pulses generated in the driving mechanisms.
A linear analysis has been widely applied [3, 4] to determine the onset of parametric insta-
bility in a traveling beam. The primary parametric instability and the fundamental summation
resonance have been given special attention. The mode shapes of a stationary beam are used
to obtain a set of coupled, linear differential equations having periodic coefficients.
Non-linearities have long been recognized to play a significant role in the parametrically
excited Duffing oscillator [5]. The exponential growth of the amplitude, predicted by neglect-
ing the non-linear term, is limited by the non-linearity resulting in a steady-state solution with
finite amplitude. These solutions have been referred to as ‘limit cycles’ in the literature. The
existence of limit cycles in a traveling string has been reported recently [6]. In this reference,
the equation of motion has been discretized to a set of coupled, non-linear ordinary differential
equations with time-varying coefficients. The complex linear eigenfunctions were used to this
end.
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Figure 1. Schematic diagram of a traveling beam having parametric excitation.
The effects of both external and parametric excitations on a Duffing oscillator have also
been studied [7, 8]. The response is normally aperiodic. But if the frequencies of the two forms
of excitation are synchronized, a steady-state harmonic solution is resulted. Superharmonics
and subharmonics may also result if some special relationships exist between the frequencies
of the two forms of excitation.
For non-linear, multi-degrees-of-freedom and continuous systems having linear boundary
conditions, the concept of non-linear normal modes has been used fruitfully to obtain the near-
resonance response under a harmonic excitation [9]. Since the stationary normal modes do
not exist for a traveling continuous system, complex non-stationary, non-linear normal modes
have also been derived [10]. These modes have then been used to compute the near-resonance
response of a harmonically excited traveling beam.
In the present work, the primary resonance (under parametric excitation) of a traveling
beam has been studied including the non-linear terms. To this end, again the concept of non-
linear, complex normal mode has been used. The limit cycle amplitudes and their stabilities
have been given special attention. The excitation of other linear modes besides the primarily
excited one is clearly brought out. Numerical results are also presented to show the effects
of different system parameters (like band speed, pulley compliance) on the limit cycle am-
plitudes. The effects of inclusion of the non-linear terms are seen to be very similar to those
exhibited by a Duffing oscillator.
The non-linear, complex normal modes are then used to obtain the steady-state harmonic
response of a traveling beam when both forms of excitation, namely, parametric and external
harmonic, are present. The results are obtained by numerically solving a fifth order polyno-
mial equation. Numerical computations show that the phase difference between the external
forcing and the parametric excitation affects the overall response amplitude. The response
characteristics are also governed by the relative strengths of the two forms of excitation.
2. Equations of Motion
Let us consider a traveling slender beam, driven by a pulley as shown in Figure 1. The finite
pulley compliance is modeled by a linear spring. Under the usual assumption u D O.w/2,
the equations of motion for undamped planar vibration including the non-linear terms are [11]:
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The symbols used in Equations (1) and (2) are explained in Appendix I. The equilibrium
tension T  and the initial tension T 0 are related as [12]
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Neglecting the curvature beyond the frictionless guides, the non-linear boundary conditions
can be written as follows:
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Equation (8) is obtained by balancing the horizontal forces at the elastically mounted pulley.
Attention may be drawn to the fact that in the absence of any frictionless guide, the dynam-
ics of the two spans of the band/wheel system are coupled [13, 14] owing to the finite band
curvature at the band-wheel interface. The coupling becomes less significant with increasing
wheel radius and/or static tension and also with decreasing flexural rigidity of the band. It is
well known [15-17] that the static deformation of the band increases monotonically with the
axial speed. However, this deformation is reduced by incorporating the frictionless guides.
Consequently, the simply-supported boundary conditions for the transverse vibration can now
be conveniently used.
The following non-dimensional parameters (also see Appendix I) are used:
u D u=l; w D w=.lγ 2/; x D = l;  D
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kp D kpl=.2EA/; t D ; 2m D m=.Al/; e1 D e1=.γ 2l/;
T0 D T 0 =.EAγ 2/; R D R=l; γ D r= l: (9)
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It may be pointed out that the non-dimensionalized parameters u and w are now related as
u D O.γ 4w2/.
Using Equation (3) and the non-dimensional parameters, the equations of motion and the
boundary conditions are rewritten as
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where k D 1 − . It is easy to see from Equation (4) that k D 1 implies a rigidly mounted
pulley, i.e., kp !1. Moreover, from Equations (4) and (9) one notes that kp and k are related
as
kp=.1C kp/ D k and 1=.1C kp/ D 1− k: (16)
Since γ  1 implies that the speed of the longitudinal waves is much higher than that of
the transverse waves, one can neglect the longitudinal inertia term in Equation (10) and gets
(neglecting terms of order higher than γ 2)
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which, when integrated twice, results in
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The integration constants f1./ and f2./ are obtained, by using boundary conditions (14)
and (15) in Equation (18), as
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where e0 D m2e1.
Combining Equations (11), (16), (18–20) and neglecting terms o.γ 4/, we get
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where ".D γ 2=2/ will be treated as the small parameter, since "  1.
The following points are at once observed from Equation (21):
(a) As expected, the spring flexibility makes the system softer.
(b) For a rigidly mounted pulley (i.e., k D 1), the unbalance has no effect. This is because the
unbalance force gets balanced by the reactive force at the pulley-support.
A small viscous damping force ".@w=@/ can then be introduced into Equation (21)
which can be recast in the standard state-space form as [18]
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with I as the identity operator, K  .kc2 − T0/.@2=@x2/C .@4=@x4/, G  2c.@=@x/.
In the presence of a harmonic excitation, expressed in the non-dimensional form as
f .x/ cos.f  C f /, the equation of motion (22) becomes
A
@W
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where
f D ff .x/ cos.f  C f /; 0gT : (26)
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3. Brief Review of Non-Linear Complex Normal Modes
In this section, a brief review of the non-linear, complex normal modes for a traveling beam
is given [10]. The non-linear complex modes are the free vibration response at a single fre-
quency, including the non-linear effects. For a traveling beam, vibrating in the nth mode, the
response is assumed as
W.x; / D a
2
9n.x/e
i!n C a
2
9n.x/e
−i!n ;
where 9n D

i!n n
 n

with  n and !n as the nth non-linear mode shape and the corre-
sponding frequency, respectively. Both these quantities, however, are amplitude dependent.
Here and in the following, a bar above an expression denotes the complex conjugate of the
term. Assuming the non-linearity to be small, !n and  n are expanded, respectively, as
!n D !ln C ".n/1 C    ; (27)
9n D 8n C "11 C    : (28)
In Equation (28), 8n D
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n as the nth linear, complex normal mode of
frequency !ln, which are obtained by solving the equation
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Furthermore, the vector 8n satisfies the following equation:
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and the bi-orthogonality relations:
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We now use the temporal harmonic balance method after putting N1 D 0 to get the following
equation and its complex conjugate:
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A perturbation technique can be applied subsequently, using expansions (27) and (28) together
with relations (30–32) to obtain
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As will be explained in the next section, the non-linear complex normal modes can conve-
niently be used to get the response of the parametrically excited beam (i.e., when N1 6D 0 in
Equation (22)).
4. Limit Cycle Amplitude without External Forcing
Assuming that the amplitude of the solution to Equation (22) changes slowly with time, one
can write the response as
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W.x; / D 1
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with 3p D
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and p as a complex shape function. The abbreviation c.c. denotes the
complex conjugate of the preceding term.
Depending upon the relation between  and the linear natural frequencies .!ln/ of the
traveling beam, different kinds of parametric excitation may appear. In what follows, we
analyze only the primary excitation.
In order to study the primary resonance, we set
 D !ln C "n; (38)
where n is called the detuning parameter. In such a situation the nth mode is primarily excited
and one can write
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/9n C "
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Further, for a slowly varying amplitude, we write
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Now, first we substitute Equations (37), (38), and (40) into Equation (22). Thereafter, equating
the coefficients of ei from both sides and retaining terms up to the order o."/, we get
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It is to be noted that, while deriving Equation (41), the fact that .−!n/ is o."/, as can easily
be seen from Equations (39) and (27), has been made use of.
By using Equations (31) and (32) in Equation (41) one gets
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For notational simplicity, we shall replace an by a, and express the complex amplitude a as
a D Qaei ; (43)
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with Qa as real.
Using Equations (27), (35), (38), (40), and (43) in Equation (42) and thereafter separating
the real and imaginary parts, we get
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D −"e00 QaTGI cos 2 −GR sin 2U − "0 Qa; (44)
and
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The steady-state solutions correspond to the fixed points of Equations (44) and (45) and are
obtained by putting
d Qa
d
D 0 and d
d
D 0 (if Qa 6D 0): (47)
A ready inspection reveals that Qa D 0 is a fixed point, which is called the ‘trivial limit cycle’
in the literature [5]. The amplitude ( Qa) and the phase angle ./ of non-trivial limit cycle(s) are
obtained from Equations (44–47). In this way, we finally obtain
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Squaring and adding Equations (48) and (49), one gets
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. Qap"/2 D 4tn
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Remembering that Qa2 should be positive, it is easy to note the following three possibilities
from Equation (50):
(a) No non-trivial limit cycle exists:
(i) if
e00 <
0p
.GR/2 C .GI /2 ; (51)
(ii) even if condition (51) is violated but n < 0 and
jnj >
q
e020 .GR/2 C .GI /2 − 02 : (52)
(b) Only one limit cycle exists, if condition (51) is violated and
jnj <
q
e020 .GR/2 C .GI /2 − 02 : (53)
(c) Two limit cycles exist, if both conditions (51) and (53) are violated for n > 0.
It must be emphasized that even if a non-trivial limit cycle exists, it may not be stable. The
analysis detailed below is then required to confirm the stability of the limit cycle.
4.1. STABILITY ANALYSIS OF LIMIT CYCLES
The stability of the limit cycle(s), obtained in Section 4, is determined by linearizing Equa-
tion (42) about the fixed points of Qa and  . Since for the trivial limit cycle ( Qa D 0) no
unique phase angle () exists, the linear part of Equation (42) is analyzed rather than using
Equations (44) and (45). However, for non-trivial limit cycles, linearization of Equations (44)
and (45) are carried out around Qa and  , given by Equations (48) and (49). In what follows,
first we discuss the stability of the trivial limit cycle and then that of the non-trivial one.
4.1.1. Trivial Limit Cycle
We expand a as
a D ax C iay : (54)
Putting Equations (28) and (54) in Equation (42), we get by neglecting the non-linear terms
and equating the real and imaginary parts separately from both sides
d
d

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
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−.E C F/ −.C CD/

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; (55)
where C D e00GI , D D 0, E D n, F D e00GR.
The eigenvalues of the coefficient matrix are then given by
s1;2 D −D 
p
D2 C T.C2 −D2/− .E2 − F 2/U ;
which implies that the trivial limit cycle is unstable if
 2n <

e020 ..G
I /2 C .GR/2/− 02: (56)
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Comparing condition (56) with conditions (51–53), it is inferred that the trivial limit cycle is
stable, if this is the only limit cycle or if two more non-trivial limit cycles exist. However, the
trivial limit cycle is unstable, if there exists only one more non-trivial limit cycle.
4.1.2. Non-Trivial Limit Cycle
To ascertain the stability of the non-trivial limit cycles, one perturbs the amplitude ( Qa) and
phase () in Equations (44) and (45) in the form
Qap D Qa C p (57)
and
p D  C p: (58)
Substituting Equations (57) and (58) into Equations (44) and (45) and using Equations (48–
50), we obtain the following (after linearization):
d
d

p
p

D "
"
0 2e00 Qa
p
.GR/2 C .GI /2 cos.2 − /
1
2
!lndn
tn
Qa −20
#
p
p

: (59)
The eigenvalues of the coefficient matrix of Equation (59) are
s1;2 D −0 
s
02 C e00
!lndn
tn
Qa2T.GR/2 C .GI /2U1=2 cos.2 − / : (60)
From Equation (60) one can show that the limit cycle is stable if cos.2 − / < 0. From
Equations (48) and (49) and conditions (51–53) one can conclude:
(i) When two non-trivial limit cycles exist, the value of cos.2 − / is negative for the limit
cycle with the larger amplitude and positive for the one with the smaller amplitude. Hence
the limit cycle with the larger amplitude is stable and the other one unstable.
(ii) When a single non-trivial limit cycle exists, it is always stable because the value of
cos.2 − / associated with it is negative.
4.2. NUMERICAL RESULTS AND DISCUSSIONS
Numerical results are presented to show the effects of various system parameters on the
steady-state solution, i.e., the amplitude of the limit cycle. All the results have been obtained
with T0 D 1. We shall concentrate on the effects of only those parameters which can be
independently controlled. These parameters are defined below:
(i) The axial speed of the beam, expressed as a speed parameter c0 D c=ccr where
ccr D
p
T0 C 2. It may be noted that c0 varies linearly with both  and R, as
c0 D 2R=pT0 C 2.
(ii) The stiffness of the flexible pulley-support designated by the non-dimensional parameter
k.
(iii) The amount of unbalance me1, generating the parametric excitation, expressed by the
non-dimensional parameter "e0.
(iv) The external damping parameter ".
For the primary parametric excitation,  should be in the neighbourhood of !ln, which in turn
depends on various system parameters, like c0 and k. The results are, therefore, obtained for
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Figure 2. Variation of the limit-cycle amplitudes with c0. R D 0:2, k D 0:5, " D 0:05; : "e0 D 0:8,
2: "e0 D 0:1; — stable, - - - unstable.
the ranges of values of c0 and k, that yield !ln ’ . Further, results are presented for n D 1,
i.e., when the first mode is primarily excited through the parametric excitation.
Figure 2 shows the variation of the limit cycle amplitudes with the axial speed for two
different values of "e0. It is indicated, as discussed earlier in Section 4.1, that when two limit
cycles exist, the trivial one is unstable. On the other hand, when three limit cycles exist, the
trivial one and the one with the highest amplitude are stable. The amplitudes of the non-trivial
and stable limit cycles are seen to increase with increasing axial speed. Moreover, if three
limit cycles exist, then a jump phenomenon with decreasing axial speed occurs, as exhibited
in Figure 2. This feature has also been exhibited by a parametrically excited Duffing oscillator,
as reported in [5]. Similar observations were also made by varying the stiffness parameter k.
Figure 3 shows the effect of variation of the unbalance parameter "e0 for two different axial
speeds. At the lower speed, for which n is negative, only the trivial limit cycle exists for low
values of "e0. With increasing "e0, beyond a critical value, two limit cycles appear. When the
axial speed is increased beyond a critical value, n becomes positive. In such a situation, one,
two or three limit cycles may exist depending on the value of "e0. At such high speeds, the
possibility of a two-way jump phenomenon, as "e0 changes, is clearly indicated in Figure 3.
Figure 4 shows the effect of the external damping parameter at three different axial speeds.
It may be noted, that with increasing damping, the non-trivial limit cycle vanishes at all speeds.
The jump phenomenon is also exhibited as the damping parameter changes. Both one-way and
two-way jumps are possible depending on the axial speed.
Let us now summarize the effects of the non-linearity on the stability of an axially moving
beam which is parametrically excited. To this end we draw Figure 5, spanning a region in the
parameter space, where the parameters used are defined in Sections 4 and 4.1. Using Equa-
tion (56) one can draw the curve AB delineating the stable and unstable zones as predicted
by the linear analysis, where the zone marked II refers to the unstable zone. When the non-
linearities are included, in the zone marked I, the equilibrium position turns out to be stable,
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Figure 3. Variation of the limit-cycle amplitudes with "e0. R D 0:2, k D 0:5, " D 0:05; : c0 D 0:89,
2: c0 D 0:94; — stable, - - - unstable.
Figure 4. Variation of the limit-cycle amplitudes with ". R D 0:2, k D 0:5, "e0 D 0:1; : c0 D 0:94,
2: c0 D 0:90, 4: c0 D 0:89; — stable, - - - unstable.
whereas in zone II the equilibrium position becomes unstable and a stable limit cycle (with
finite amplitude) is approached. However, in the zone marked III, the system approaches either
the equilibrium position or a stable limit cycle depending on the initial disturbance.
5. Near-Resonance Response with Simultaneous Parametric and Harmonic Excitations
In this section, the response w.x; / is obtained when an external harmonic force is present
over and above the parametric excitation. Because of the presence of both the excitations,
the response usually turns out to be aperiodic. It is to be noted that different combinations
of frequencies of parametric and harmonic excitations are possible. These, in turn, may give
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Figure 5. Stability boundaries of the parametrically excited system as predicted by the linear analysis.
rise to various complex patterns of the response. In what follows we shall consider a special
case, where the exciting frequency is close to the natural frequency associated with the mode
excited by the parametric excitation. Hence, along with Equation (39) we also assume that the
forcing frequency f is given by
f D !ln C ": (61)
When n 6D  , the response is almost periodic. In the absence of any parametric excitation,
the steady-state response is also harmonic having the same frequency as that of the excitation.
But in the presence of a small parametric excitation, the response can be assumed as
W.x; / D
1X
nD1
an./
2
9ne
if  C c.c. (62)
In view of Equations (37) and (61), the following assumptions are justified:
am D "a0m for m 6D n; (63)
and
am D "a0m for m D 1; 2; 3; : : : ; (64)
with
d
d
an./ D o."/: (65)
We now substitute Equations (62–65) into Equation (25) and balance the harmonics (i.e.,
equate the coefficients of eif  and e−if  separately, from both sides of the equation). Then
using Equations (33) and (34) and retaining terms up to o."/, we get
1
2
dan
d
A9n C i.f − !n/an2 A9n
C "
24X
m6Dn
i
a0m
2
.f − !lm/A8m C
1X
mD1
i
a0m
2
.f C !lm/A8m
35 D "Nf C f1; (66)
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where
Nf D
(
e0.1− k/d
2n
dx2
e2i".n−/
an
2
− i!lnn
an
2
; 0
)T
; (67)
and
f1 D

f .x/
2
eif ; 0
T
: (68)
Using Equation (65) and bi-orthogonality relations (31) and (32) in Equation (66), and by
retaining terms up to o."/, we get
dan
d
C ian.f − !n/ D 2"
tn
1Z
0
8
T
nNf dx C
2
tn
1Z
0
9
T
n f1 dx: (69)
Further, the coefficients a0m and a0m’s can be obtained as
"a0m D am D
2
R 1
0 8
T
m.f1 C "Nf / dx
i.f − !lm/tm
if m 6D n; (70)
and
"a0m D am D
2
R 1
0 8
T
m.f1 C "Nf / dx
i.f C !lm/tm
for m D 1; 2; : : : : (71)
Since Nf contains a term having explicit time dependence, Equation (69) does not exhibit
any periodic solution unless n D  . Let us consider the special case when n D  , i.e., the
frequencies of the parametric and external excitations are the same. In this case, a steady-state
solution to Equation (69) exists. This solution can be obtained as explained below.
Substitution of .dan/=.d/ D 0 in Equation (69) yields the complex algebraic equation
ian.f − !n/ D 2"
tn
1Z
0
8
T
nNf dx C
2
tn
1Z
0
9
T
n f1 dx: (72)
For solving Equation (72) to determine an, we substitute an D Qanein in the above equation
and equate the real and imaginary parts from both sides to obtain
Qan.f − !ln − " Qa2n.n/1 / cos n D "e00 QanTGR cos n CGI sin nU
− "0 Qan sin n C 1
tn
TQR C " Qa2nMRU; (73)
and
Qan.f − !ln − " Qa2n.n/1 / sin n D "e00 QanTGI cos n −GR sin nU
C "0 Qan cos n C 1
tn
TQI C " Qa2nMI U; (74)
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Figure 6a. Variation of the roots of Equations (73) and (74) with c0. R D 0:2, k D 0:5, f D 0:0, " D 0:05,
F0
p
" D 10:0; : "e0 D 0:8, 2: "e0 D 0:1.
where
Q D QR C iQI D −!ln
1Z
0
nf e
if dx
and
M D MR C iMI D
8<:−X
m6Dn
gm!
l
m
1Z
0
mf e
if dx
9=;C
8<:
1X
mD1
hm!
l
m
1Z
0
mf e
if dx
9=; :
Now eliminating n from Equations (73) and (74) one gets, after some algebraic manipu-
lations, a quintic polynomial in Qa2n. This polynomial for a concentrated external force (at
x D x0), i.e., when f .x/ in Equation (26) is written as F0.x − x0/, is given in Appendix II.
For this particular loading, numerical results reveal one, three or five (positive) values of Qa2n.
However, a subsequent stability analysis only can confirm whether the values so obtained are
physically realizable (i.e., stable) or not.
The stability analysis can be carried out by using the method outlined in Section 4.1.
However, an alternative procedure, considering an arbitrary perturbation to the solution, which
gives rise to Mathieu type equation, has been carried out. The details of the stability analysis
considering only the primary instability are outlined in Appendix III. This method can also be
extended to capture the higher order instabilities as well.
5.1. NUMERICAL RESULTS AND DISCUSSIONS
In this section, numerical results are presented to study the effects of several parameters on the
steady-state response. All the results are obtained for T0 D 1, x0 D 1=3 and f ’  ’ !l1.
At this stage it should be noted from Equations (62–64) that the steady-state response of
the beam is obtained (up to o.1/) as
w.x; / D Qa11.x/ cos.f  C 1 C 1/;
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Figure 6b. Variation of the roots of Equations (73) and (74) with c0. R D 0:2, k D 0:5, f D 0:0, " D 0:05,
F0
p
" D 0:1; : "e0 D 0:1; — stable, - - - unstable.
Figure 6c. Variation of the roots of Equations (73) and (74) with c0. R D 0:2, k D 0:5, f D 0:0, " D 0:05,
F0
p
" D 0:1; : "e0 D 0:8; — stable, - - - unstable.
where tan 1 D −I1=R1 , 1 D
q
.R1 /
2 C .I1 /2. The values of Qa1 and 1 are now obtained by
solving Equations (73) and (74). Subsequently, we study how the different parameters affect
the value of Qa1.
Figures 6a–6c show the response variable Qa1 with increasing speed for two different sets
of values of F0 and "e0. It is seen from Figure 6a that if the external forcing predominates,
then only one stable response is resulted. The value of Qa1, while remaining insensitive to the
amount of unbalance, increases with increasing speed. On the other hand, if the parametric
excitation predominates, then depending on the value of "e0 and c0, one or three unstable
roots for Qa1 may be obtained (Figures 6b and 6c). However, the common jump phenomenon,
observed in a harmonically forced Duffing oscillator, is not altered. Figure 7 clearly indicates
that, if a flexible pulley-support is used, then the steady-state response can be controlled by
adjusting the phase difference (between the external and parametric excitations) f .
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Figure 7. Variation of the roots of Equations (73) and (74) with phase difference (f ). R D 0:2, k D 0:5,
c0 D 0:85, " D 0:05, F0p" D 10:0, "e0 D 0:8; — stable, - - - unstable.
6. Conclusions
In the present work, non-linear, complex, normal modes have been used to study the response
of a parametrically excited traveling beam both without and with an external harmonic forcing.
The primary parametric resonance, in the absence of external forcing, has been analyzed. The
effects of the non-linearity are clearly brought out. The limit cycles which appear only after
including the non-linearity have been investigated. It has been shown that the amplitudes of
limit cycles exhibit both ‘one-way’ and ‘two-way’ jump phenomena which are very similar to
those observed in a parametrically excited Duffing oscillator.
For a parametrically excited traveling beam with an external harmonic excitation, the
effects of various system parameters depend on the relative strengths of the two forms of
excitation. Moreover, a particular phase difference between the two excitations results in the
minimum value of the steady-state response.
Appendix I: List of Symbols
w = transverse displacement of the beam
u = longitudinal displacement of the beam
c = uniform axial speed
T 0 = initial tension in the beam
kp = spring stiffness of the pulley
m = eccentric unbalanced mass
e1 = eccentricity of the unbalanced mass
2 = rotational speed of the pulley
R = pulley radius
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 = density of the beam material
E = Young’s modulus of the beam material
A = area of cross-section of the beam
l = length of the beam
Iz = second moment of area of cross section about the neutral axis
r = radius of gyration of the beam cross-section =
p
Iz=A
γ = slenderness ratio, r= l  1
" = γ 2=2
 = longitudinal distance of a point on the beam from the left support
t = time
x = non-dimensional distance
 = non-dimensional time
w = non-dimensional transverse displacement
u = non-dimensional longitudinal displacement
c = non-dimensional axial speed
c0 = c=
p
T0 C 2
T0 = non-dimensional tension
kp = non-dimensional pulley-support stiffness
k = kp=.1C kp/ .0  k  1/
m = non-dimensional pulley unbalance
e1 = non-dimensional eccentricity
R = non-dimensional pulley radius
2 = non-dimensional pulley rotational speed
f = non-dimensional transverse force per unit length
f = non-dimensional frequency of excitation
f = phase difference between two forms of excitation
n = nth linear non-stationary complex normal mode = Rn C iIn
i =
p−1
!ln = linear natural frequency of the nth linear mode
 n = the nth non-linear complex normal mode = Rn C i In
!n = frequency corresponding to the nth non-linear normal mode
n =
p
.Rn /
2 C .In/2
an = participation of the nth non-linear normal mode = Qanein with Qan as real
Appendix II: Algebraic Equation for Obtaining the Near-Resonance Response
The final algebraic equation, after eliminating n from Equations (74) and (76) for f .x/ D
F0.x − x0/, is obtained as
A5 C A4
"
−4.f − !
l
n/

.n/
1
− f.MR1 /2 C .MI1 /2g
#
CA3
"
4.f − !ln/2
.
.n/
1 /
2
C 2l1
.
.n/
1 /
2
− 2.QR1MR1 CQI1MI1 /C
2

.n/
1
f.MR1 /2l2 C .MI1 /2l3g
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C 2M
R
1 M
I
1

.n/
1
.l5 − l4/
#
CA2
"
−4.f − !
l
n/l1
.
.n/
1 /
3
− f.QR1 /2 C .QI1/2g
− 
.
.n/
1 /
2
fl22.MR1 /2 C l23.MI1 /2 C l24.MI1 /2 C l25.MR1 /2g
C 4

.n/
1
.l2Q
R
1M
R
1 C l3QI1MI1 /C
2
.
.n/
1 /
2
MR1 M
I
1 .l4l2 − l5l3/
C 2

.n/
1
.l5 − l4/.MR1 QI1 CQR1MI1 /
#
CA
"
l21
.
.n/
1 /
4
C 2

.n/
1
fl2.QR1 /2 C l3.QI1/2g
− 2
.
.n/
1 /
2
QR1M
R
1 .l
2
2 C l25/−
2
.
.n/
1 /
2
QI1M
I
1 .l
2
4 C l23/
C 2

.n/
1
QI1Q
R
1 .l5 − l4/C
2
.
.n/
1 /
2
.QI1M
R
1 CQR1MI1 /.l2l4 − l5l3/
#
C
"
− 
.
.n/
1 /
2
f.QR1 /2.l22 C l25/C .QI1/2.l24 C l23/− 2QR1 QI1.l2l4 − l3l5/g
#
D 0; (75)
where
M1 D M=F0; Q1 D Q=F0; A D " Qa2n;
l1 D .f − !ln/2 − "2e020 T.GR/2 C .GI /2U C "202;
l2 D .f − !ln/C "e00GR; l3 D .f − !ln/− "e00GR;
l4 D "0 − "e00GI; l5 D "0 C "e00GI;  D
 
F0
tn
.n/
1
!2
":
Appendix III: Stability Analysis of the Steady-State Solution
The stability of the steady-state solution, given by Equation (69), is studied by perturbing it in
the form
wp.x; / D w.x; /Cw.x; /: (76)
Putting Equation (76) into Equation (25) and neglecting terms of order higher than o."/, we
get
A
@W
@
C BW D "N1 C "N2; (77)
where
W D
(
@w
@
w
)
;
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N1 D

2e0.1− k/ cos 2 @
2w
@x2
− @w
@
; 0
T
(78)
and
N2 D
8<:k
240@ 1Z
0

@w
@x
2
dx
1A @2w
@x2
C 2
0@ 1Z
0
@w
@x
@w
@x
dx
1A @2w
@x2
35 ; 0
9=;
T
: (79)
To analyze the stability of an, when f D !ln C " , the following perturbation is considered:
W D 8n.x/n./C c.c: (80)
Substituting the value of w.x; / from Equations (62–64) one gets
A8n
dn
d
C B8nn C c.c. D "L1 C "L2 C "L3 dnd C c.c.; (81)
where
Lj D flj .x; /; 0gT ; j D 1; 2; 3;
with
l1.x; / D k4 Qa
2
n
8<:3
0@ 1Z
0

dn
dx
2
dx
1A d2n
dx2
9=; e2i.Cn/
C k
4
Qa2n
8<:
0@ 1Z
0
 
dn
dx
!2
dx
1A d2n
dx2
C 2
0@ 1Z
0
dn
dx
dn
dx
dx
1A d2n
dx2
9=;e−2i.Cn/
C k
4
Qa2n
8<:2
0@ 1Z
0

dn
dx
2
dx
1A d2n
dx2
C 4
0@ 1Z
0
dn
dx
dn
dx
dx
1A d2n
dx2
9=; ;
l2.x; / D 2e0.1− k/ cos 2 d
2n
dx2
and
l3.x; / D −n:
Applying the bi-orthogonality relations (i.e., Equations (30) and (31)) and Equation (29), one
finally gets the following equation and its complex conjugate:
dn
d
− i!lnn D
"
tn
0@ 1Z
0
8
T
n .L1 C L2/ dx
1A n C "
tn
0@ 1Z
0
8
T
nL3 dx
1A dn
d
C "
tn
0@ 1Z
0
8
T
n .L1 C L2/ dx
1A n C "
tn
0@ 1Z
0
8
T
nL3 dx
1A d n
d
: (82)
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Assuming that  0 D f  C n and  D .!ln=f /, Equation (82) can be written as
f

dn
d 0
− in

D "
tn
0@ 1Z
0
8
T
n .L
0
1 C L02/ dx
1A n C "f
tn
0@ 1Z
0
8
T
nL
0
3 dx
1A dn
d 0
C "
tn
0@ 1Z
0
8
T
n .L
0
1 C L02/ dx
1A n C "f
tn
0@ 1Z
0
8
T
nL
0
3 dx
1A dn
d 0
; (83)
where
L0j D

lj .x; 
0/; 0
}T
; j D 1; 2; 3; : : : :
Using Equation (61), one can write
 D 1C "1 C    : (84)
Now, we assume n in the form of the following series
n D  .0/n C " .1/n C    : (85)
Substituting Equations (84) and (85) into Equation (83) and equating the coefficients of the
like powers of " from both sides, we get:
"0 V d
.0/
n
d 0
− i .0/n D 0: (86)
"1 V d
.1/
n
d 0
− i .1/n D i1 .0/n C
1
!lntn
0@ 1Z
0
8
T
n .L
0
1 C L02/ dx
1A n
C 1
tn
0@ 1Z
0
8
T
nL
0
3 dx
1A d .0/n
d 0
C 1
!lntn
0@ 1Z
0
8
T
n .L
0
1 C L02/ dx
1A  .0/n
C 1
tn
0@ 1Z
0
8
T
nL
0
3 dx
1A d .0/n
d 0
: (87)
First we substitute the following solution of Equation (86)
 .0/n D bei
0
into Equation (87). Then, to avoid secular terms in  .1/n , the following condition must hold:
.1 − 01/b − 02b C

e00
!ln

Ge−2inb C i

0
!ln

b D 0; (88)
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where
01 D k4 Qa
2
n
242
0@ 1Z
0
dn
dx
2
dx
1A0@ 1Z
0
d2n
dx2
n dx
1A
C 4
0@ 1Z
0
dn
dx
dn
dx
dx
1A0@ 1Z
0
d2n
dx2
n dx
1A35,tn
and
02 D k4 Qa
2
n
240@ 1Z
0

dn
dx
2
dx
1A0@ 1Z
0
d2n
dx2
n dx
1A
C 2
0@ 1Z
0
dn
dx
dn
dx
dx
1A0@ 1Z
0
d2n
dx2
n dx
1A35,tn:
For the existence of a non-trivial solution of b (D bx C iby ) from Equation (88) one finally
obtains (after some algebraic manipulations):
1 D 01 
"
022 − 202

e00
!ln

A1 C

e00
!ln
2
..GR/2 C .GI /2/−

0
!ln
2#1=2
(89)
with A1 D GR cos 2n CGI sin 2n. In the Qan −f plane, Equation (89) implies two curves

.j/
f s D !ln.1− ".j/1 /; j D 1; 2;
where .j/1 corresponds to either of the values of 1 from Equation (89) and .j/f s denotes the
associated stability boundary.
For a fixed value of Qan and n,.j/f s ’s are calculated first (.1/f s < .2/f s , say) and then checked
with the forcing frequency f . The amplitude is said to be unstable if

.1/
f s < f < 
.2/
f s (90)
and stable otherwise.
It is to be noted from Equation (89) that for some values of the parameters, 1 does not
exist. This implies a stable condition under such circumstances.
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